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Motivation

Motivated by the geometric interpretation of the Sy yroq, HU)=0 h(U) <0
index for linear limit state functions, Hasofer and Lind ~
(1974) suggested that we linearize nonlinear limit state
functions at u”, the nearest point on the limit state surface

h(u).

e It 1s the most likely failure point (in a second-moment
sense)

* As long as the limit state surface does not change, the
answer will be invariant to the limit state function

* The only difference between this approach and the
MVFOSM will be the linearization point
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The Hasofer-Lindt Reliability Index

To find S;;, we are going to need to find u* (and its counterpart, X*) This is an optimization

problem: Co
minimize "u"

subject to 2(u) =0

Once we find u*, we can find the corresponding x*. Then we can take a Taylor series expansion
around x* dg

g(X)~g<x>+Z<x—x "

l

X=X

=~ Vg (x* )(X —X")
Thus: N «
Hoxy) = Vg (xX)(M —x")

oy = (V9" (x))2(Vg(x") Vg' (x*)(M — x*)

(@7 G)5(79(x))

BuL =
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Or we can just take the Taylor Series expansion in standard space:

oh
h(U)~h(u)+Z(U — U)o

l

u=u*

~ VAT (u*)(U — u)
Thus:
Hnu) = —Vh" (u*)(u*)

orwy = (VAT () (Vh(u?)) = [IVh(u)]|?

~VAT(u)(u*) . r _ —Vh'(u")
— — * where: a =
Bur = iwheey .~ 4 e VA




N,

{3umswe | CEE 6040 | Reliability analysis

LN

Finding u*: the Hasofer-Lind Rackwitz-Fiessler Algorithm

The Hasofer-Lind Rackwitz-Fiessler (HL-RF) Algorithm 1s one of several algorithms that can

solve our required optimization problem minimize ” u "

subject to 2(u) =0

HL-RF 1s a recursive algorithm that finds successively better u values. Starting from some initial
guess u(0), we iterate to u” using the recursive formula:

h(ug) ]

Uk+1) = Ui [ﬁ(m +

VA (ugy ||
where: _ _
o, = —VHuG) o,
= ”Vh(u(k))” Vh(U( )) . ah/auz
) =
By = G U _ah/aun

Tu=u
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Section B-B

0 U“) . \ Distance

«(Ai' A= d
—slope
U
h(ug)) _ =Vh(uy)) .
Uks1) = Q) [By + ”Vh(u(k)” Oy = VA(uco)]] By = Ol
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Finding the gradient of A(u)

Oh/
ou
0y ' o oh _ 09 9%, g 0,
Vh(U(k)) — ?uz 0u1 B 0x1 0u1 axz 6u1
oh/
/au"‘“=“(k>
SO where
Vh(ugy) = JruV9 (%) Jeu =
= (DL)"Vg(x()

v We stop iterating when the following conditions are satisfied:

|,3(k+1) - ,B(k)| <&

|h(ugy)| < &

dg 0x,
d0x, 0u,
[dx; 0xy
du; OJdu,
dx,
| du,

0x;
ou,,
dx,
ou,,
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Summary: Computing £,

1) Identify limit state function, and means and covariances for random variables
2) Transform limit state function and random variables into standard Space

3) Find u* (using, e.g., HL-RF algorithm)
4) Linearize h(u) at u™ and compute second-moment reliability index

Example: Consider the limit state function g (x4, x,) = x;% — 3x,, where the random
variables X and X, have the following moments:
iy, =10 piy, =20

O-Xl =2 O-XZ — 5 le:XZ — 05

Find the Hasofer-Lind reliability index
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U=L'D'(X-M)
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Example: Consider the limit state function g(xy, x,) = 1 — 3x,/(x#), where the random
variables X; and X, have the following moments:

fx, =10 piy, = 20

O-Xl — 2 O-XZ — 5 leJXZ — 05

Find the Hasofer-Lind reliability index

11
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Comments on fy;:

1. We solved the invariance problem
2. We have only incorporated second moment information, so we don’t know the true
probability of failure

Comparisons of our different reliability indices
(a)When g(X) is linear Bmvrosm = BHL

(b) When g(X) is linear and X has a multivariate normal distribution

,BMVFOSM — ,BHL — ,Btrue

(c) When g(X) is nonlinear Buvrosm # Bur F Btrue

Buvrosy likely not invariant
Sy might be OK
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